











































































































Comparison theorems in Riemannian Geometry

Idea Curvature bold geometric bdd

in comparison with spaces of constant curvature htt B 84

One example is BonnetMyers Thm

Mig RicM Ric's diam Mig E diam18
complete

We will discuss another comparison theorem due to Ranch

Idea Curvature in spreadingof geodesic Ems Jacobifield estimates

1 0

K20
fqq.EU Jaffe'd K o

a

ke 1.41p
Seodesio

P P
W1 small VI bisgeodesicsconverges

geodesicdiverges

The following proposition gives a quantitativedescription of
the effect of spreading of geodesics by curvature wa the

lengthof Jacobi fields














































































































Dwp Let 8 Co a MngP be a geodesic w No p V'co v

For any W C Tv Tpm Iw1 1 consider the Jacobi field

Ct dexpp Ew
Note Uco o Vico w

f v t Rcr by o

THEN we have the following Taylorexpansion near t o

VCE12 t 31Riv wir w t t octet as e o

Proof We do Taylor expansion for the function fCt IV e 12

f o V o 12 0 Vio o

ta
f't 2L Vce V't flo o C VW o

at 1 0fCt z c v v's 12 V V fico 21V'co12 2
2 IV't 2 2 R Y V Y V

D
Rcrivir at Eo

f t4 4 v.v 2 RICHvii V f co o

4 R ly v r V

5 o 4 RCT V y V 4 R riv r V 8RCv.w.v.ws

is

CoriWhen W I v then Note K E E

IV I t f K spanivwt t't oCt3 WHY310cal
for small t e o

Q what about for large t s o E Rauchcomparison then














































































































ZD Sturm's Theory for ODE 21 UK ft Jr'ce i Feel Ect Jfc

f t t kctlfctl o.EE Coil

Leftf o 20

Ift 1 EctFct O t cCoe
Ect
a 3

f o O e

Suppose f'co f o so Fct to V tc co.LT

and Ect 3 kt

THEN f t ft VE cCo e

Note We need to be more careful for higher dimensions

We first establish a useful lemma which says that

normal Jacobi fields minimize the index form among

all normal vector fields with the same boundary values

Index Lemma Let V co a M be a geodesic

Let Jct be a normal Jacobi field along 7

Suppose t be any piecewisesmooth normal vector field along8

St d O V o Jct to for some to C Co a

Assume 8 has N o conjugatepoints on a
Vce ja

THEN Ito J J I I.to V.V g Ke
to Hal

lo
and holds 7 Jct U ft on o to

Here I Wcw a SotoIw't Rcr woo W de














































































































proof of Index Lemma

Let Jct normal Jacobi fields along 8 on Co a

St JG o

which is a vectorspace of dim n 1 Fix a basis Ji Ju i

It conjugatept
away z on co

htt cCoia f JiCtl Juice Ty M
n 1

We can write VCt fit JiCt Jct I Li JiCt
i I

piecewise constants
moth

f integrand
Claim L V v y R y V y v j of ICV V

L f f Ji fj Jj 7 t L F fi Ji f Jj 7

Pf of claim Recall Ji RCT Ji T

LHS CfiJi t f Ji fj Jj fj Jj's Ej fifi R Ji j
f Il

expandthis s Ji Jj

j
fi fj f Ji Jj 2 fi F C Ji Jj's

fifj Ji Jj t fifj C Ji Jj
dtermof
2HS Cfi Ji fi Ji f Jj t Cfi Ji fj Jj fjJj's

ti'fj C Ji Jj's fi Fj s Ji Jj
fi fj e Ji Jj's t.fi fj C Ji Jj














































































































Need C Ji Jj 7 C Ji Jj VEE Co

Reasons let htt i k Ji Jj 7 C Ji Jj

Note hco o since Ji Lo o Vi

AID htt L Ji Jj t Ji Jj CJ Tj 2 C Ji Jj

Rcr Jiao I Rcr Jj i Ji 0

Apply the claim to Uct and Jt
all fiJill 30

Ito V.V JOY Efi Ji fj Jj dt LI fi Ji Ff Jj CH

Ito TJ L Idi Ji 32 Jj a
Veto Itb
fi di

bRanch comparison theorem
ASSUME

Let Riem mfd Mn g
d Mntk.gg

ly't_IF't J G a rtgeodesics T o a M
Tco Ico o

JJacobifields J J'co1 15631 Montigny
normal

normalization

cnn.sy.FIfr

ASSUME Ci conjugatepts along 5 on Coca

Cii Kg spanfries x E Rga spanfttu.FI
Vt C Coia V X CTyeeM I CTENT














































































































THEN IF Ct E Jct 1 for AIL t c Co a

Ranch comparison theorem restated

et Mng Ft F be complete Riem manifolds

8 Coca M F co a NT be geodesic in M and

MSt 18 I IF't lie same speed

J F are normal Jacobifields along 8 I respectively

set Jco o Fco 1JColt15671
cmutk.gg

E

i i
y 844 Fco

No

ASSUME conjugatept along 8 on Coca

df V tECo.a Vx e TyeM t I CTGIF

we have Kree spanfries x s Eg span III 53

THEN I Just 3 I Feel I te cCo a



Recall we proved the

Index Lemma On a geodesic segment without conjugatepoints

I J J E Il V V where J and V agree at
the end points

and J is a Jacobifield

Proof of Rauch comparison Thin

WLOG assume IJto I IFto I O

Dente vet Jct 12 and Ect IF 12

Goyal UH z Ect htt CCoca

Observe by assumption Jct o f t C Co a So we define

ht VI t E o a Goat hit 31 Vtecoia
Jct

vice zCTHI J't
By L Hospital's Rule Ct 2 CJ't J't t 2 CJ.tl JEN

him V v t IT'co I
o
hit Elif free fjm Tj 1

Claim htt o htt C co a a

i e v'T z T t EE Coca

oC I 2 E
aPf of Claim Fix any to C Co a

Case 1 veto o dCto o

Then Cto 2C Jct JCto 0

Clearly holds



Case 2 Cto L o Veto IJC6112 O

By rescaling we obtain two new Jacobi fields

Ct Jct Ect Fct

Observe Ytt 2 It.CO 0 AID tt 2 ItoCU 0

why 2 Ito 0 0 i 2 Soto LV 0 R 8 0,8 0 de

1 0,0 i'at so 0 Cto

2 Uto Otto z Jeb JHo v

Cto Veto

So it suffices to show

I61 0 01 E Ito V.V C

Fix parallel O N B along 8 F

e 7 er en as for Tye M s.t ezCto Uct

ntk
Ei FIT Ez Eirik tutor Tzu M et Ents Ect

Define a map to TEY FYI IT IET

Ct II Giles eity l 7 TV Ctl II Siete Ect
s



Properties of 10

LIOU f U L V V htt C Coca

lov of V'j
f te Coca

Ito lov lov E Ito V.V

Reason
Itoh V a Job Iv't T R J V r Vliet de

n by1stpropertyIN 11byfringe and KS IE

Ito lov lov f lcpvjf RCJ.cov.J ov d

Recall by construction we have

0 0 to 4 echo Eto to

i e 0 0 and have the same boundary values

along on Co.to

By CH and Index Lemma

f C

I f Itd 0 01 I 6140,40 EItolo 0 EYET

b



Volume comparison via Jacobi field estimates

1hm Bishop Gromov Gunther

et M g be a complete Riem mfd

Fix p e M let a b E IR be constants

i If Ric Cu n s en 1 a V X E M H U CTxM lui 1

then Vol Bpmers E Vol Billard f r c Co injplm
a

Here But r Volume of ball of radius r

inside a space form cllaa of const curvature a

Cii If KM E b then

Vol BpmCr 3 Vol BAER b re co injplm

Digression Jacobi field and Volume estimates

Volume form
of cnn.gg dug TEE din n din

in local word X
M
G

and Vo l U TEJ dx DX

In particular in geodesic normal coordinates based at p c M

Uol Bihn f.sn for Jane ti dt du

where J cu t t
CnY f Iet L Jica JjCt

SomeJacobi Adds



Picture
xn gets MTG

n i
q trio Jct
97 p

ei r
a Ico u

co S
0

Fix U CTpm lui 1 and a geodesic Jct expp tu

Fix an O N B U er ez eu of Tpm

Let Ji Ct be the Jacobi field along 8th St

Ji o O and Ji co Ei

i.e Ji Ctl d expp tei

So dug dx DX

xpceidexpej de du

f JiCtl ETCt

Tcu 4 th dt du

On the other hand we have explicit formula for the

Jacobi fields in space forms ell a parallel ut

b

Jacobi ga e J 1 a J o Jct SaksEct
and d o o

sin fast if a 20

where Salt f t if a o

Sinh Fant if a co



Proof of Volume Comparison Tmm Ci Rio 3 Cn c a

Picture byparallel
transport

xn yirce MTG
wi gEi

Ct

Ent a

ftp.goyyicreye 9 Fico yay HD97 p
ei r

aHo u
o S
0

Denote Yi't to be the unique Jacobi field
St

Yirco O and Yiu EiCr

and Vi CTpm et d expp tri Yik4

Ncte Tcu 4 Cr t Det Yiu t.net

where Cr det Tricot Triton

Denotes For each ice TPM Lal 1

fCt a Joe 4

Lemma Str
Ir E YE

Proof of Lemma n

Let SH Det L Circe TICH Then

ft Jca 4 Cr t det Tice t.net Crt Seth



feces Crt
n tzsg.tt Crcn iit nrsE

5Ctl
T Is't It

gCr
On the other hand we want IZ Irl Ti Y
Note gcr Det L firer YIcr det CEich Ejeri 1

and g 2 EIcarriers Tiers

By the proof of Claim of Index lemma Irl Cir Cir L YicryYirirs
b

Lemma

To finish the proof of Volume Comparison Thin CD

Consider the vector field along 8

Xi t a Salt E ite
Sa r

s t Xi co o Fco and XFCr EiCr f Cr

By Index Lenne Ir Tri Tri E Irc Xi Xi

Note Ir Xi Xi for I fifth Rcr Ei rien de

Sits ica e at 15
C fo byassumption

Iffy Irwin ciri n't e Ircxir.x.is NI
m

Integrate in r far E SaCr DONE on is Eaten f
integrateagain

D


